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Abstract: We construct background-independent Noether charges in Topologically Mas-
sive Gravity with negative cosmological constant using its first-order formulation.
The procedure is carried out by keeping track of the surface terms in the variation of the
action, regardless the value of the gravitational Chern-Simons coupling µ. In particular,
this method provides a definition of conserved quantities for solutions at the chiral point
µℓ = 1 (ℓ is the AdS radius) that contain logarithmic terms (Log Gravity).
It is also shown that the charge formula gives a finite result for warped AdS black holes
without the need for any background-substraction procedure.
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1. Introduction
Standard Einstein-Hilbert gravity in three spacetime dimensions is topological in the sense
that it does not possess local degrees of freedom. Inclusion of a gravitational Chern-Simons
term in the action gives rise to propagating gravitons in an inequivalent theory known as
Topologically Massive Gravity (TMG) [1].
Nevertheless, it is commonly expected that the addition of higher-derivative terms to
the standard gravity action would render the theory unstable. Indeed, in an anti-de Sitter
context, the theory exhibits gravitons of negative mass around AdS3 background. In case
of flat space, one has the possibility of changing the sign of the Newton constant G, what
turns the theory unitary. However, for gravity with negative cosmological constant, this
trick would also make negative the energy of BTZ black holes and, thus, it cannot be
performed [2, 3].
The renewed interest in TMG with cosmological constant has been mainly sparked by
the claim that the theory becomes stable and chiral for a special value of the topological
mass parameter µ, such that µℓ = 1, where ℓ is the AdS radius [4]. It has been argued that,
at this chiral point, the left-moving central charge cL of the boundary conformal algebra
vanishes and the local degree of freedom that corresponds to a negative mass graviton
becomes a pure-gauge state. This idea presents a new perspective on the problem of
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achieving a unitary theory in AdS3, especially in the light of the recent Witten’s proposal
[5, 6].
However, several authors provided evidence against this conjecture, manifested as the
existence of left-moving excitations at the chiral point [2, 7, 8, 9, 10, 11, 12, 13], but that
obey a relaxed version of Brown-Henneaux boundary conditions [7, 14, 15]. In addition, an
exact solution of TMG compatible with Grumiller-Johansson fall-off conditions, but not
Brown-Henneaux ones was explicitly shown in ref.[16].
Therefore, given the above results, the only possibility of chiral gravity conjecture to
be true is by considering from the beginning Brown-Henneaux boundary conditions as part
of the setup [17].
Nevertheless, the extensive discussion on the topic was extremely enlightening to learn
about the subtleties of the boundary conditions in the context of AdS3/CFT2 correspon-
dence.
In the gauge/gravity duality framework, in order to extract the holographic data of the
theory, usually a regularized Brown-York stress tensor is required [18]. The same procedure
is used to define background-independent charges in the gravity theory. However, it is
well-known that, due to the presence of higher-derivative terms in TMG there is no analog
of Gibbons-Hawking term to define the Dirichlet variational problem for the boundary
metric hij . As a consequence, a quasilocal stress-tensor cannot be read off directly from
the variation of the action as T ij =
(
2/
√−h) (δI/δhij). Only for asymptotically AdS
spacetimes, a holographic stress tensor can be obtained considering a Fefferman-Graham-
type expansion of the metric [19, 20] (see [21] for the inclusion of leading and subleading
logarithms in the metric).
On the other hand, the construction of charges is important to achieve the proof
of positivity of energy and stability of the solutions, that remains as an open question.
Background-substraction approaches to conserved quantities [13, 22, 23] may be useful to
deal with this issue, but are not particularly insightful about the problem of holography.
Taking this into consideration, we derive here background-independent charge formulas for
TMG in view of a possible holographic description in the non asymptotically AdS case.
2. Obtaining TMG from first-order formalism
In first-order formalism, Topologically Massive Gravity with negative cosmological constant
Λ = −1/ℓ2 is described by the action
I = − 1
16πG
∫
M
ǫABC
(
RAB +
1
3ℓ2
eAeB
)
eC +
1
32πGµ
∫
M
(
LCS(ω) + 2λAT
A
)
+
∫
∂M
B ,
(2.1)
where M is a three-dimensional manifold with local coordinates xµ, G is the (positive)
gravitational constant, µ is a constant parameter with dimension of mass and LCS is the
gravitational Chern-Simons 3-form
LCS(ω) = ω
ABdωBA +
2
3
ωABω
B
Cω
C
A . (2.2)
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The fundamental fields of the theory are the dreibein eA = eAµ dx
µ and the spin connection
ωAB = ωABµ dx
µ, which define the curvature 2-form RAB = 12 R
AB
µν dx
µdxν = dωAB +
ωACω
CB and the torsion 2-form TA = 12 T
A
µν dx
µdxν = DeA. The covariant derivative acts
on a Lorentz vector V A as DV A = dV A + ωABV
B. For simplicity, we have omitted wedge
products ∧ between the differential forms.
The boundary term B will be discussed in the next section.
The introduction of a Lagrange multiplier 1-form λA(x) implements a torsionless con-
dition on the manifold and consistently recovers the dynamics of TMG [11, 13, 24, 25].
Indeed, an arbitrary variation of the fields in the above action produces the equations
of motion
δI = − 1
16πG
∫
M
δωAB
[
ǫABCT
C +
1
µ
(RAB + λAeB)
]
− 1
16πG
∫
M
δeA
[
ǫABC
(
RBC +
1
ℓ2
eBeC
)
− 1
µ
DλA
]
− 1
16πGµ
∫
M
δλAT
A +
∫
∂M
Θ(δe, δω) , (2.3)
where the surface term is
Θ = − 1
16πG
ǫABC δω
ABeC +
1
32πGµ
(
δωABωBA + 2δe
AλA
)
+ δB . (2.4)
The field equations then read
TA = 0 , (2.5)
1
µ
[
RAB +
1
2
(
λAeB − λBeA)]+ ǫABCTC = 0 , (2.6)
ǫABC
(
RBC +
1
ℓ2
eBeC
)
− 1
µ
DλA = 0 . (2.7)
From eqs. (2.5) and (2.6), the Lagrange multiplier can be solved in terms of the Schouten
tensor of the manifold
Sµν = (Ric)µν −
1
4
Gµν R (2.8)
as
λAµ = −2 eAνSµν . (2.9)
The manifold is endowed with a spacetime metric Gµν = ηAB eAµ eBν .
The relation (2.7) together with eq.(2.9) leads to the usual field equation of TMG in
second-order formalism,
Rµν − 1
2
Gµν R− 1
ℓ2
Gµν + 1
µ
Cµν = 0 . (2.10)
Here Cµν =
1√−G ǫ
µαβ∇αSβν denotes the Cotton tensor obtained from varying the gravita-
tional Chern-Simons term with respect to the metric. In our conventions, the Levi-Civita
tensor density ǫµαβ is defined as ǫtrφ = +1.
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3. Noether charges
The bulk theory described by eq.(2.1) is invariant under diffeomorphisms δxµ = ξµ(x) in
the sense that the equations of motion remain covariant, even though the full action is not
invariant.
For an action I =
∫
M
L in terms of a Lagrangian L = 13! Lµνλ dx
µdxνdxλ, the corre-
sponding Noether current Jµ has the form
∗J = Θ
(
£ξω
AB,£ξe
A
)− IξL , (3.1)
where the star ∗ denotes the Hodge dual and IξL = 12 ξ
µLµνλ dx
νdxλ is the contraction
operator acting on L. The symbol £ξ stands for the Lie derivative, which acts on the spin
connection and vielbein as
£ξω
AB
µ = ∂µξ
νωABν + ξ
ν∂νω
AB
µ
= Dµ
(
ξνωABν
)
+ ξνRABνµ , (3.2)
and
£ξe
A
µ = ∂µξ
νeAν + ξ
ν∂νe
A
µ
= Dµ
(
ξνeAν
)
+ ξνTAνµ −
(
ξνωABν
)
eBµ , (3.3)
respectively.
Generally speaking, the conservation equation d ∗J = 0 implies, by virtue of the
Poincare´ lemma, that the current can always be written locally as the exterior derivative
of certain quantity. It is the procedure developed in this section which permits to write
down the current as ∗J = dQ(ξ) globally and, therefore, to identify the Noether charge for
a Killing vector ξ = ξµ∂µ.
For the purpose of construction of conserved quantities in TMG, we shall consider a
boundary term B given by
B =
1
32πG
ǫABC ω
ABeC , (3.4)
i.e., a half of the Gibbons-Hawking (GH) term. Supplementing the Einstein-Hilbert ac-
tion with B sets a well-posed variational principle when the extrinsic curvature is held
fixed at the boundary, and makes the action finite for asymptotically AdS spacetimes [26].
This point can be seen by performing an explicit comparison to Balasubramanian-Kraus
regularization [18] (see Appendix A). The unusual factor in eq.(3.4) respect to the one
carried by the GH term arises naturally in the gauge formulation of standard gravity La-
grangian as a single Chern-Simons density for SO(2, 2) group, and it is the simplest case
of a regularization scheme known as Kounterterm method [27].
It is expected that any modification of the effective cosmological constant due to the
Chern-Simons coupling µ would leave the form of B unchanged, what should not be the
case of the counterterm coupling in ref.[18].
Plugging in eq.(3.4) into the general form of the surface term (2.4), one finds
Θ = − 1
32πG
ǫABC
(
δωABeC − ωABδeC)+ 1
32πGµ
(
δωABωBA + 2δe
AλA
)
. (3.5)
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Splitting the Lagrangian as
L = L1 +
1
32πGµ
(
LCS(ω) + 2λAT
A
)
, (3.6)
where L1 is the Einstein-Hilbert part Lagrangian with the boundary term in eq.(3.4), makes
clear that the total charge Q(ξ) is the sum of two contributions
Q(ξ) = Q1(ξ) +Q2(ξ) . (3.7)
The first term, Q1(ξ), is associated to the standard gravity part [26]
Q1(ξ) = − 1
32πG
∫
Σ∞
ǫABC
(
ξµωABµ e
C
ν + ξ
µeAµω
BC
ν
)
dxν , (3.8)
where Σ∞ is the boundary of the spatial section at constant time. The construction of the
second term, proportional to µ−1, Q2(ξ), is carried out below.
Since the torsion vanishes, the spin-connection ωABµ is a function of the dreibein e
A
µ
ωABµ = −eBα∂µeAα + Γλνµ eAλ eBν , (3.9)
where Γλνµ is the Christoffel symbol. In Gauss-normal form of the metric,
ds2 = Gµν dxµdxν = N2(r)dr2 + hij(r, x) dxidxj , (3.10)
where r is the Schwarzschild-like radial coordinate (the boundary is at r →∞), some of the
components of the Christoffel symbol are related to the extrinsic curvature Kij =
1
2N h
′
ij
as
Γrij = −
1
N
Kij , Γ
i
rj = NK
i
j . (3.11)
Here, the prime denotes radial derivative ∂/∂r.
The line element at the boundary of the spacetime in the frame (3.10) can be, in turn,
written in a time-like ADM form
hij dx
idxj = −N2Σ(t) dt2 + σmn (Nmdt+ dym) (Nndt+ dyn) , (3.12)
generated by a unit normal ui = (−NΣ,~0). It is clear that for a constant-time slice, σmn
is the metric on Σ∞.
For a given set of asymptotic Killing vectors {ξi}, the charge (3.8) expressed in terms
of boundary tensors is
Q1(ξ) =
∫
Σ∞
√
σdy ξjqi(1)j ui , (3.13)
where the integrand reads
qi(1)j =
1
16πG
ǫmk
(
δkl K
m
j + δ
k
jK
m
l
)
ǫil , (3.14)
and we have used the convention ǫrij = −ǫij.
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The Noether current for the second part in the Lagrangian (3.6) uses the corresponding
surface term
Θ(2) =
1
32πGµ
(
£ξω
ABωBA + 2£ξe
AλA
)
, (3.15)
and the explicit expressions of Lie derivative on the fields, eqs.(3.2) and (3.3), such that
∗J(2) =
1
32πGµ
(
∂αξ
µωABµ + ξ
µ∂µω
AB
α
)
ωBAβ dx
α ∧ dxβ
+
1
16πGµ
(
∂αξ
µeAµ + ξ
µ∂µe
A
α
)
λAβ dx
α ∧ dxβ
− 1
32πGµ
[
IξLCS(ω) + ξ
µ
(
λAµT
A
αβ − 2λAαTAµβ
)
dxα ∧ dxβ
]
, (3.16)
where the contraction operator acting on the gravitational Chern-Simons term produces
IξLCS(ω) = ξ
µ
(
ωABµ ∂αωBAβ − ωABα ∂µωBAβ + ωABα ∂βωBAµ + 2ωAµB ωBαC ωCβ A
)
dxα ∧ dxβ .
(3.17)
We show now that the different contributions in the current can be rearranged as a
total derivative plus the equations of motion in the form
∗J = dQ+ (ξ · ωAB)(e.o.m.)AB + (ξ · eA)(e.o.m.)A + (ξ · λA)(e.o.m.)A .
Indeed, the part proportional to 1/µ is
Jλ(2) =
1
64πGµ
ǫλαβ√−G
[
∂α
(
ξµωABµ ωBAβ + 2ξ
µeAµλAβ
)
− (ξµωABµ ) (RBAαβ + 2λAβeBα)− (ξµλAµ)TAαβ − 2 (ξµeAµ )DαλAβ] . (3.18)
On the other hand, in the derivation of the first part of the Noether charge, the corre-
sponding current is
Jλ(1) =
1
64πGµ
ǫλαβ√−G
[
∂α
(−ǫABC (ξµωABµ eCβ + ξµeAµωBCβ ))
− (ξµωABµ ) ǫABCTCαβ + 2 (ξµeAµ ) ǫABC
(
1
2
RBCαβ +
1
ℓ2
eBα e
C
β
)]
, (3.19)
what makes easy reading off the second piece of the Noether charge from the first line of
eq.(3.16),
Q2(ξ) =
1
32πGµ
∫
Σ∞
(
ξµωABµ ωBAν + 2ξ
µeAµλAν
)
dxν . (3.20)
It can be shown that the Noether charge Q(ξ) in eq.(3.7) is equivalent (up to finite
terms that do not modify the value of the mass and angular momentum) to a Hamiltonian
charge defined in ref.[28] associated to the same isometry ξ (see Appendix D).
In what follows, we first evaluate the charges derived in this section for the Ban˜ados-
Teitelboim-Zanelli (BTZ) black hole [29, 30], obtained from a global AdS spacetime
through identifications that preserve the constant-curvature property. After that, we con-
sider TMG solutions with more general asymptotics.
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3.1 Solutions with constant curvature
For spacetimes which are locally AdS, the Riemann tensor satisfies
Rαβµν = −
1
ℓ2
δ
[αβ]
[µν] , (3.21)
what implies a particular value of the Lagrange multiplier (2.9) in terms of the dreibein as
λAµ =
1
ℓ2
eAµ . (3.22)
Constant-curvature condition solves trivially the equations of motion of TMG.
In that case, the corresponding Noether charge is
Q2(ξ) =
1
32πGµ
∫
Σ∞
(
ξµωABµ ωBAν +
2
ℓ2
ξµeAµ eAν
)
dxν . (3.23)
By virtue of the torsionless condition for the spin connection (3.9) and the Gaussian form
of the Christoffel symbol (3.11), one can rewrite the charge (3.23) for asymptotic Killing
vectors in terms of quantities defined at the boundary, in a similar form to eq.(3.13)
Q(2)(ξ) =
∫
∂Σ
√
σdy ξjqi(2)jui , (3.24)
where
qi(2)j =
1
32πGµ
(
ΓλνjΓ
ν
λk +
2
ℓ2
hjk
)
ǫik√−h
=
1
32πGµ
(
−2KjlK lk + Γlmj(h)Γmlk(h) +
2
ℓ2
hjk
)
ǫik√−h . (3.25)
We have dropped a few terms containing derivatives of the boundary zweibein of the type
∂ie
A
j . These are scheme-dependent contributions, because they arise from the difference
between LCS(ω) in (2.2) and the gravitational Chern-Simons in terms of the Christoffel
symbol LCS(Γ)
LCS(Γ) = ǫ
µνλ
(
Γβµα ∂νΓ
α
λβ +
2
3
Γγµα Γ
α
νβ Γ
β
λγ
)
(3.26)
which can be expressed as a topological invariant plus a boundary term,
LCS(Γ)−LCS(ω) = ǫµνλ
[
−1
3
(
eαA∂µe
A
β
) (
eβB∂νe
B
σ
) (
eσC∂λe
C
α
)
+ ∂µ(ω
AB
ν ∂λeBαe
α
A)
]
. (3.27)
The rotating solution of Einstein-Hilbert AdS gravity in three dimensions is the BTZ
black hole given by the metric
ds2 = Gµν dxµdxν = −f2(r)dt2 + dr
2
f2(r)
+ r2 (Nφ(r)dt+ dφ)
2 , (3.28)
with the azimuthal angle 0 ≤ φ ≤ 2π and where the metric function and angular shift read
f2(r) = −8GM + r
2
ℓ2
+
16G2J2
r2
, Nφ(r) = −4GJ
r2
. (3.29)
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The horizons of the BTZ black hole are the roots of the equation f2(r) = 0, that is,
r2± = 4GMℓ
2
(
1±
√
1− J
2
ℓ2M2
)
. (3.30)
Using eqs. (3.14) and (3.25) for the metric (3.28) give a formula for the total mass
M ≡ Q(∂t) = lim
r→∞
1
8G
[(
−f2 + r
2
ℓ2
+ r2N2φ
)
+
2
µ
r2Nφ
ℓ2
]
,
= M − J
µℓ2
, (3.31)
whereas for the total angular momentum we obtain
J ≡ Q(∂φ) = lim
r→∞
1
8G
[
−2r2Nφ + 1
µ
(
f2 − r
2
ℓ
− r2N2φ
)]
,
= J − M
µ
. (3.32)
The above Noether charges agree with the standard results computed by canonical
methods [31, 32, 33, 34, 35] and holographic procedures [16, 19, 20], and they satisfy the
first law of black hole thermodynamics
T δS = δM+Ω δJ , (3.33)
where T is the Hawking temperature
T =
1
4π
f ′(r+) =
1
2πr+
(
r2+
ℓ2
− 16G
2J2
r2+
)
, (3.34)
and Ω is the angular velocity of the horizon
Ω = Nφ(r+) = − r−
ℓr+
. (3.35)
The relation (3.33) is valid only if one considers a contribution to the entropy proportional
to the inner horizon due to the gravitational Chern-Simons term, that is,
S =
2πr+
4G
(
1− 1
ℓµ
r−
r+
)
. (3.36)
The general contribution to the entropy from the gravitational Chern-Simons term was first
computed by Solodukhin [20] using the conical singularity method, which does not rely on
the equations of motion. For BTZ black hole, the correction to the macroscopic entropy due
to the inner horizon was derived from the first law of black hole thermodynamics in ref.[36],
where the Noether charges in first-order formalism were also found. Solodukhin’s general
formula has been reobtained by means of Tachikawa’s procedure [37], which incorporates
corrections to the Wald’s formula due to the fact that LCS(Γ) is not invariant under
diffeomorphisms.
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The form of the charges for the constant-curvature case is identical to the one derived
from a Lagrangian that is the linear combination of two Chern-Simons densities for the
SO(2, 2) group, constructed up with invariant tensors of different parity (see Appendix A)
L˜ = − ℓ
16πG
〈
AdA+
2
3
A3
〉
1
+
1
16πGµ
〈
AdA+
2
3
A3
〉
2
. (3.37)
Indeed, following the Noether procedure (see ref.[26]), one can obtain the Noether charge
associated to a Killing vector ξµ for an arbitrary Chern-Simons action. For the above case,
the conserved quantity takes the form
Q˜(ξ) = − ℓ
16πG
∫
Σ∞
ξµ 〈AµAν〉1 dxν +
1
16πGµ
∫
Σ∞
ξµ 〈AµAν〉2 dxν . (3.38)
Substituting the traces for the generators of the AdS group defined in Appendix A,
eqs.(A.8) and (A.9), it is straightforward to reproduce the charges (3.8) and (3.23) from
the corresponding pieces in the last expression.
The Lagrangian density (3.37) induces a topological theory in four dimensions which,
in the conventions of the Appendix A, reads
dL˜ = − ℓ
16πG
〈
F 2
〉
1
+
1
16πGµ
〈
F 2
〉
2
. (3.39)
Defining the dual of the field strength in the indices of the universal covering of AdS as
∗FAB = 1
2
ǫABCDFCD , (3.40)
the equation (3.39) can be cast into the equivalent form
dL˜ = − ℓ
64πG
ǫABCD
(
FABFCD + 1
µℓ
∗ FABFCD
)
, (3.41)
= − ℓ
32πG
〈
(F ± ∗F )2
〉
1
− ℓ
16πG
(
1
µℓ
∓ 1
)
〈F ∗ F 〉1 , (3.42)
where, in the last line, one employs the identity
〈
F 2
〉
1
=
1
2
(〈
F 2
〉
1
+
〈∗F 2〉
1
)
, (3.43)
consistent with ηAB =diag(−1, 1, 1,−1). The form of eq.(3.42) makes clear that when the
Chern-Simons coupling is µℓ = ∓1, dL˜ vanishes identically for a globally (anti) self-dual
AdS curvature (∗F = ±F ). This fact resembles on the case of inclusion of topological
invariants in the four-dimensional AdS gravity action, where globally (anti) self-dual solu-
tions in the Weyl tensor are interpreted as the vacuum state of the theory [38].
3.2 Perturbed Extreme BTZ black hole
An axisymmetric solution of Topologically Massive Gravity at the chiral point µℓ = 1 has
been found recently in ref.[16]. The Riemann tensor for this space is no longer constant,
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because the metric contains a logarithmic branch. It is, however, an asymptotically AdS
spacetime defined in terms of the relaxed boundary conditions given by Grumiller and
Johansson [7, 14]. Therefore, this is the first exact stationary solution obtained for Log
Gravity, as only pp-wave solutions existed previously in the literature [39].
For this solution, the line element in the ADM form is
ds2 = −N 2⊥(r) dt2 +
dr2
N2(r)
+R2(r) (dφ−Nφ(r)dt)2 , (3.44)
with
N 2⊥(r) = N2(r)− r2N2φ(r)−N2k (r) +R2(r)N 2φ(r) , (3.45)
R2(r) = r2 + ℓ2N2k (r) , (3.46)
Nφ(r) = r
2Nφ(r) + ℓN
2
k (r)
R2(r)
. (3.47)
The functions N,Nφ and Nk in the above expressions are defined as
N2(r) =
r2
ℓ2
− 8πGM + 16π
2G2M2ℓ2
r2
, (3.48)
Nφ(r) =
4πGMℓ
r2
, (3.49)
N2k (r) = k log
(
r2 − 4πGMℓ2
r20
)
, (3.50)
where the constants k and r0 are two arbitrary parameters.
Summing the contributions of the charge formulas (3.8) and (3.20), the total mass and
angular momentum are
M = k
2G
, J = − kℓ
2G
. (3.51)
The dependence on the parameter k makes evident the fact that, when the logarithmic
branch is switched off, the charges vanish identically, that corresponds to the extreme BTZ
black hole (J = −Mℓ in the conventions of refs.[4, 16]). The results in eq.(3.51) have
been verified in different frameworks, which are the Clement’s Super Angular Momentum
(SAM) method [40] and the Barnich-Brandt-Compe`re approach to conserved quantities
[41, 42].
There is, however, a discrepancy in a global factor in the charges (3.51) respect to the
ones computed in the original reference. As we mentioned in the Introduction, TMG does
not lend itself to a clear definition of quasilocal stress tensor. This means that any attempt
to integrate by parts the variations of the extrinsic curvature δKij =
1
2N ∂r (δhij)+ · · · and
to cast the variation of the action in the form δI = 12
∫
∂M
√−h τ ijδhij would necessarily be
ambiguous in the definition of the new Brown-York stress tensor τ ij. Thus, the mismatch
of (3.51) with the conserved quantities calculated in ref.[16] must be due to this problem
inherent to TMG.
– 10 –
3.3 Warped AdS3 black holes
It has been argued in ref.[43] that TMG could present stable backgrounds which are space-
like, timelike or lightlike warped anti-de Sitter spaces. In this work, the authors also
conjecture the form of the corresponding left and right moving central charges, simply
based on an entropy argument. The proposal for the value of cL was explicitly verified
from the asymptotic symmetry algebra in [44].
It is well-known that BTZ black hole is obtained as the quotient of global AdS3 space
by a discrete subgroup of SL(2,R) × SL(2,R) isometries. In a similar way, since warped
AdS black holes are locally warped AdS3 with isometries SL(2,R) × U(1), they are also
constructed as identifications of warped AdS.
Spacelike (timelike) warped AdS black hole solutions of TMG are produced by an
identification along a Killing vector of a SL(2,R) × U(1)- invariant vacuum, where the
U(1) isometry is spacelike (timelike) [43].
For convenience, the Chern-Simons coupling is redefined in terms of a dimensionless
parameter as ν = µℓ/3.
For illustrative purposes, we compute here the conserved quantities associated to the
spacelike stretched black holes (ν2 > 1). The ADM form of the metric reads
ds2 = −N2(r) dt2 + ℓ
2dr2
4R2(r)N2(r)
+R2(r) (dφ+Nφ(r)dt)
2 , (3.52)
where
R2(r) =
r
4
[
3r
(
ν2 − 1)+ (ν2 + 3) (r+ + r−)− 4ν√r+r− (ν2 + 3)] , (3.53)
N2(r) =
(
ν2 + 3
)
(r − r+) (r − r−)
4R2(r)
, (3.54)
Nφ(r) =
2νr −√r+r− (ν2 + 3)
2R2(r)
, (3.55)
and φ is the angle with a period 2π.
Spacelike stretched black holes of this type were first obtained –in a slightly different
coordinate system– in ref.[23].
In the general case, the integrand of the second part of the Noether charge (3.20) can
be expressed as
qi(2)j =
ℓ
96πGν
(
−2KjlK lk + Γlmj(h)Γmlk(h)− 4Sjk
) ǫik√−h , (3.56)
where Sjk are the boundary components of the Schouten tensor (2.8),
Sij = Rij(h) − 1
4
hij R(h) − 1
N
(
∂rKij − 1
2
hij ∂rK
)
+2KikK
k
j −KKij +
1
4
hij
(
K2 +KklKkl
)
, (3.57)
as a consequence of Gauss-Codazzi relations listed in Appendix B. Here, Rij(h) and R(h)
are the Ricci tensor and Ricci scalar of the boundary, respectively.
– 11 –
For a stationary metric described by eq.(3.52), the Schouten tensor Sνµ takes the general
form found in Appendix C. In particular, for warped AdS black holes with functions
eqs.(3.53-3.55), it is given by
Sµν =


−4ν2−3
2ℓ2
0 0
0 2ν
2−3
2ℓ2
0
−3(ν
2−1)
“
2νr−
√
r+r−(ν2+3)
”
2ℓ2
0 2ν
2−3
2ℓ2

 . (3.58)
In terms of R(r), N(r) and Nφ(r), the conserved quantities for the metric (3.52) are
M = − R
8ℓG
(
2N2R′ −R(N2)′ +R3(N2φ)′
)−
− R
3
12ℓGν
[
N2
(
2 (RNφ)
′′ + 3R′N ′φ
)
+ 3R3(N ′φ)
2Nφ
+(N2)′(NφR′ − 1
2
RN ′φ)−RNφ
(
N2
)′′]
(3.59)
and
J = R
3
4ℓG
[
ℓ2RN ′φ +
1
3ν
(
3ℓ2R3
(
N ′φ
)2
+ 2N
(
R′N
)′ −R (N2)′′)] , (3.60)
that, substituting eqs.(3.53-3.55), produces
M = (ν
2 + 3)
48Gℓ
(
r+ + r− − 1
ν
√
r+r− (ν2 + 3)
)
(3.61)
and
J = ν(ν
2 + 3)
96Gℓ
[(
r+ + r− − 1
ν
√
r+r− (ν2 + 3)
)2
− (5ν
2 + 3)
4ν2
(r+ − r−)2
]
. (3.62)
Up to a factor 2 in eq.(3.61), the above quantities correspond to the conserved quan-
tities computed in ref.[43] using the Abbott-Deser-Tekin approach [22] and also the ones
obtained by the Hamiltonian procedure in first-order formalism in ref.[35]. The mismatch
in the mass respect to the value obtained by ADT formula (M = (1/2)MADT) is similar
to the one found for ACL black holes [32], when the charges are computed by SAM method
[23].
4. Summary and Outlook
In this work, we have used the surface terms that come from the first-order formulation of
TMG with negative cosmological constant to construct background-independent charges
from the Noether theorem. It has been shown that this definition of conserved quantities
gives finite results for locally AdS black holes, solutions of Log Gravity and warped AdS
black holes without the need for any background-substraction procedure.
In ref.[45], the derivation of TMG from an action that depends explicitly on the torsion
through a constraint imposed by a Lagrange multiplier has also been employed to obtain
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the Witten-Nester charges in the supersymmetric extension of this gravity theory. The
generality of the procedure makes possible a comparison between Witten-Nester and ADT
charges and a further generalization of the latter to an arbitrary background. This also
shows the equivalence with the conserved quantities discussed in ref.[23]. Background-
independence is encoded in the charges obtained by the SAM method, but it is not obvious
to us that one can reconstruct the covariant formulas found here from the expressions given
in a particular frame in ref.[23]. In any case, it would be interesting to explore the relation
of the existing methods to the charges presented in this paper.
In gravity with standard AdS asymptotics, the existence of background-independent
conserved quantities is a consequence of holographic renormalization, in the sense that this
procedure identifies the divergences in the action and provides a systematic construction
of the counterterms needed to get rid of them.
In TMG, the situation is kind of the opposite as the obtention of background-independent
charges above may be regarded as a step toward a holographic formulation of the theory.
In that respect, it is clear that the method carried out here should reduce to the dis-
cussion on holographic stress tensor by Kraus-Larsen [19] and Solodukhin [20] for asymp-
totically locally AdS spacetimes.
For a modified asymptotic behavior of the metric that includes logarithmic terms,
the finiteness of the Noether charges shown in Subsection 3.2 suggests that holographic
renormalization might be performed in Log Gravity using a metric frame which considers
relaxed Brown-Henneaux (or Fefferman-Graham) fall-off conditions [7, 14, 17].
The case of asymptotically warped AdS3 is expected to be both conceptual and techni-
cally more challenging. However, new insight on boundary conditions for warped AdS black
holes (see, e.g., [46]) and recent study of the asymptotic structure of the field equations for
TMG discussed in ref.[21] could make possible a better understanding of the theory in the
context of AdS/CFT correspondence.
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A. AdS group
The AdS group in three dimensions is isomorphic to the four-dimensional rotation group
SO(2, 2) that leaves invariant the quadratic form
ηAB x
AxB = −x20 + x21 + x22 − x23 = −ℓ2. (A.1)
The group has six generators JAB = −JBA, which can be decomposed as JAB =
{JAB , PA}, with A,B, . . . = 0, 1, 2, where JAB are Lorentz rotations and PA = JA3 are
AdS translations.
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SO(2, 2) generators satisfy the algebra
[
JAB , JCD
]
= ηBCJAD − ηACJBD + ηADJBC − ηBDJAC , (A.2)
or, in terms of the generators JAB and PA,
[JAB , JCD] = ηBCJAD − ηACJBD + ηADJBC − ηBDJAC ,
[JAB , PC ] = ηBCPA − ηACPB , (A.3)
[PA, PC ] = JAC .
The Lie-algebra valued gauge connection A = Aµdx
µ takes the form
A =
1
2
WABJAB
=
1
2
ωABJAB +
1
ℓ
eAPA , (A.4)
and the corresponding AdS curvature F = 12 Fµν dx
µ
∧dxν is
F = dA+A∧A =
1
2
FABJAB
=
1
2
(
RAB +
1
ℓ2
eA∧eB
)
JAB +
1
ℓ
TAPA . (A.5)
Bianchi identity for AdS group ∇AdSF = 0 implies the standard differential and alge-
braic Bianchi identities
D(ω)RAB = 0 , D(ω)TA = RAB∧eB . (A.6)
In a similar fashion as for four-dimensional Lorentz group, there exist two inequivalent
invariant tensors for SO(2, 2), that is,
〈
JABJCD
〉
1
= ǫABCD ,〈
JABJCD
〉
2
= η[AB],[CD] ≡ ηADηBC − ηBDηAC , (A.7)
whose only non-vanishing components are
〈JABPC〉1 = ǫABC , (A.8)
with the convention ǫABC3 ≡ ǫABC , and
〈JABJCD〉2 = ηADηBC − ηBDηAC ,
〈PAPB〉2 = ηAB . (A.9)
A different choice of the trace of the AdS generators in a Chern-Simons form for SO(2, 2)
group
LCS(A) =
〈
AdA+
2
3
A3
〉
AdS
(A.10)
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produces different gravity actions. Indeed, taking (A.8) as the corresponding invariant
tensor, the Chern-Simons density is proportional to the Lagrangian of standard gravity〈
AdA+
2
3
A3
〉
1
=
1
ℓ
ǫABC
(
RAB +
1
3ℓ2
eAeB
)
eC − 1
2ℓ
d
(
ǫABC ω
ABeC
)
. (A.11)
In the Gauss-normal frame (3.10), it is easy to see that the boundary term in eq.(3.4) is
half of the Gibbons-Hawking term, because
1
32πG
ǫABC ω
ABeC =
1
16πG
√
−hK . (A.12)
Any asymptotically AdS spacetime metric can be put in a Fefferman-Graham form [47]
ds2 =
ℓ2
4ρ2
dρ2 +
1
ρ
gij dx
idxj , (A.13)
where gij(x, ρ) accepts a regular expansion near the conformal boundary ρ = 0
gij(x, ρ) = g(0)ij + ρg(1)ij + · · · . (A.14)
The above expansion results in an asymptotic behavior for the extrinsic curvature
Kij =
1
ℓ
(
δij − ρ kij
)
, (A.15)
with the tensor kij given by
kij = g(1)ij +O(ρ) . (A.16)
In three dimensions, Einstein’s equation does not fully determine g(1)ij from the initial
data g(0)ij , but only implies
∇(0)igi(1)j = 0 (A.17)
and that the trace is
g(1) = −
ℓ2
2
R(0) . (A.18)
It was shown in ref.[26] that adding and substracting the Gibbons-Hawking term from
the action
I = IEH +
1
16πG
∫
∂M
√−hK , (A.19)
one is able to recover the Balasubramanian-Kraus counterterm plus a topological invariant
of the metric g(0). Indeed, with the help of relations (A.13-A.18) we have
− 1
16πG
√−hK = − 1
8πGℓ
(√−h+ ℓ2
4
√−g(0)R(0)
)
. (A.20)
In turn, the exotic copy of CS for AdS group is the sum of the gravitational Chern-
Simons term plus the translational Chern-Simons term eAT
A〈
AdA+
2
3
A3
〉
2
=
1
2
(
LCS(ω) +
2
ℓ2
eAT
A
)
. (A.21)
For a given AdS radius, the above relation singles out (3.22) as the value of the Lagrange
multiplier λA that produces a symmetry-enhancement in the Mielke-Baekler theory [48]
from local Lorentz to AdS group in the gravity action (2.1).
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B. Gauss-Codazzi relations
We consider a spacetime described by the radial foliation
ds2 = Gµν dxµdxν = N2(r)dr2 + hij(r, x) dxidxj , (B.1)
which defines the extrinsic curvature as
Kij =
1
2N
h′ij . (B.2)
In this frame, the non-vanishing components of the Christoffel symbol Γλµν(G) are
Γrrr =
N ′
N
, Γrij = −
1
N
Kij ,
Γijr = N K
i
j , Γ
i
jk = Γ
i
jk(h) .
(B.3)
(The metric hij lowers and raises indices of tensors constructed from hij and Kij .) Then,
the curvature takes the Gauss-Codazzi form
Rirjr = −
1
N
(
Kij
)′ − (K2)i
j
, (B.4)
Rirjk = −
1
N
(∇jKik −∇kKij) , (B.5)
Rijkr = N
(
∇iKjk −∇jKik
)
, (B.6)
Rijkl = Rijkl(h) −KikKjl +KilKjk , (B.7)
where ∇ is the covariant derivative defined in terms of the Christoffel symbol of the bound-
ary Γijk(h) and Rijkl(h) is the Riemann tensor of the boundary.
As a consequence, Ricci tensor and Ricci scalar can be written as
Rij = Rij(h)−KijK −
1
N
(
Kij
)′
, (B.8)
Rrj =
1
N
(
∇jK −∇kKkj
)
, (B.9)
Rrr = −
1
N
K ′ −KijKji , (B.10)
and
R = R(h)−K2 −KijKji −
2
N
K ′ . (B.11)
C. Schouten tensor for stationary metric
For a metric of the form
ds2 = −N2(r) dt2 + ℓ
2dr2
4R2(r)N2(r)
+R2(r) (dφ+Nφ(r)dt)
2 , (C.1)
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the components of the Schouten tensor read
Stt = − 1
2ℓ2
(
4N4(R′)2 + 4N2(R4)′(N2φ)
′ +
1
2
(R4)′N2φ(N
2)′ − 4R4N2φ(N ′)2 + 5R6N2φ(N ′φ)2
−4R4N2φNN ′′ + 4R2N2φ(R′)2N2 + 8N2R4NφN ′′φ −
1
2
(N4)′(R2)′ + 4R3N2φN
2R′′
− 4N2R2(N ′)2 − 4N3R2N ′′ + 3N2R4(N ′φ)2 + 4N4RR′′
)
, (C.2)
Stφ = −R
2
2ℓ2
(8(R2)′N2N ′φ + 4R
2N2N ′′φ + (R
2)′(N2)′Nφ + 5R4(N ′φ)
2Nφ + 4(R
′)2N2Nφ
+4RN2R′′Nφ − 4NφR2(N ′)2 − 4NφR2NN ′′) , (C.3)
Srr = − 1
8R2N2
(
4R2(N ′)2 + 4R2NN ′′ − 3R4(N ′φ)2 + 4N2RR′′ + 4(R′)2N2 + (R2)′(N2)′
)
,(C.4)
Sφφ = −R
2
2ℓ2
(
(R2)′(N2)′ + 5R4(N ′φ)
2 + 4(R′)2N2 + 4N2RR′′ − 4R2(N ′)2 − 4R2NN ′′) . (C.5)
D. Noether charges and Wald Hamiltonians
A Hamiltonian H(ξ) describes the dynamics generated by the vector field ξµ, which is
related to Noether current and surface term in eq.(3.1) by
δH(ξ) = δ
∫
∂M
∗J −
∫
∂M
d (ξ ·Θ)
= δ
∫
Σ∞
Q(ξ)−
∫
Σ∞
ξ ·Θ , (D.1)
where we have used the Stokes’ theorem for ∗J = dQ(ξ) to integrate the Noether charge
Q(ξ) =
∫
Σ∞
Q(ξ). The Hamiltonian exists if there is a (D− 1)-form B (D is the dimension
of spacetime) such that the second term is a total variation,∫
Σ∞
ξ ·Θ(φ, δφ) = δ
∫
Σ∞
ξ · B(φ) . (D.2)
Only if this is possible, one can write down the Wald Hamiltonian as [28]
H(ξ) =
∫
Σ∞
(Q(ξ) − ξ · B) . (D.3)
It is clear that the integrability criterion (D.2) requires to identify precise boundary
conditions, what is not always possible. In general, the procedure of integrating (D.2)
breaks general covariance, such that B is a non-covariant correction to the charge.
There are, however, other instances where B can be covariantly integrated and seen
as a contribution coming from a boundary term in the action, what we show below for
standard gravity.
Let us consider Einstein-Hilbert AdS action in three dimensions without boundary
terms,
I0 = − 1
16πG
∫
M
ǫABC
(
RAB +
1
3ℓ2
eAeB
)
eC , (D.4)
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whose on-shell variation gives a boundary term
Θ0(δe, δω) = δω
AB δI0
δRAB
= − 1
16πG
ǫABC δω
ABeC . (D.5)
The Noether charge derived from action (D.4), associated to a Killing vector is the three-
dimensional equivalence of Komar integral, that is,
Q0(ξ) =
∫
Σ∞
ξµωABµ
δI0
δRAB
= − 1
16πG
∫
Σ∞
ǫABC ξ
µωABµ e
C . (D.6)
The Komar formula is obtained in an arbitrary dimension from the dimensional con-
tinuation of (D.4) and gives Q0(∂t) =
D−3
D−2 M + limr→∞
Vol(SD−2)
8πGℓ2
rD−1 for a spherical
Schwarzschild-AdS black hole. This means that the correct mass for the BTZ black hole
comes necessarily from the addition of boundary terms.
We can implement the integrability condition (D.2) for the surface term (D.5) by
demanding a boundary condition, whose fully-covariant version is written as
ǫABC δω
ABeC = ǫABC ω
ABδeC , on ∂M . (D.7)
This boundary condition can be explicitly realized in Fefferman-Graham frame (A.13-
A.15) by the conditions Kij =
1
ℓ
δij + O(ρ) and δKij = O(ρ), which are compatible with
asymptotically AdS spacetimes [26].
Using (D.7), we can integrate B in eq.(D.2) in the following way,
ξ ·Θ0(δe, δω) = − 1
16πG
1
2
ξ · (ǫABC δωABeC + ǫABC ωABδeC)+O(1)
= − δ
[
ξ ·
(
1
32πG
ǫABC ω
ABeC
)]
+O(1), (D.8)
and therefore, B is equal to (up to a finite contribution) minus the boundary term (3.4)
that regularizes the Einstein-Hilbert part of the action,
B = −B +O(1) = − 1
32πG
ǫABC ω
ABeC +O(1). (D.9)
A similar procedure can be carried out in four-dimensional AdS gravity in order to
integrate out the boundary term necessary for the regularization of the conserved quantities,
which also provides a fully-covariant correction to the Komar charge [49].
The additional term in (D.8) is responsible for a finite difference between the Noether
charge Q1(ξ) in eq(3.8) and the corresponding Hamiltonian, because
δH1(ξ) = δQ1(ξ)−
∫
Σ∞
ξ ·Θ1 (D.10)
where Θ1 is the first part of the surface term (3.5) or, equivalently, Θ1 = Θ0 + δB.
To this end, let us calculate the finite contribution of Θ1(δe, δω)
Θ1(δe, δω) = − 1
32πG
ǫABC
(
δωABeC − ωABδeC)
= −d2x
√−h
16πG
[(
Kij −
1
2
Kδij
)(
h−1δh
)j
i
+ δK
]
, (D.11)
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and, using expansion of the fields in FG frame (A.13-A.18), we find
Θ1 = d
2x
√−g
16πGℓ
(
kij − kδij
) (
g−1δg
)j
i
+ d2x
1
16πGℓ
δ
(√−gk)
=
1
16πGℓ
d2x
[
H ij
(
g−1(0)δg(0)
)j
i
− ℓ
2
2
δ
(√−g(0)R(0))
]
, (D.12)
where we have defined the tensor H ij = g
i
(1)j − g(1)δij which has conformal weight 2 and,
by virtue of eq.(A.17), is covariantly conserved. The second term is a two-dimensional
topological invariant. In this respect, H ij gives rise to an ambiguity in the definition of
the Wald Hamiltonian and thus, to a difference between the Noether charge Q1(ξ) and the
Hamiltonian H1(ξ).
More generally, it has been proved in ref.[50] that for asymptotically AdS spacetimes
in D = 2n + 1 dimensions, the ambiguity in the definition of a Wald Hamiltonian can be
written as
H ′(ξ) = H(ξ) +
∫
Σ∞
d2n−1y
√
σuiH
i
j ξ
j , (D.13)
in the notation of the ADM foliation (3.12). The tensor H ij has conformal weight 2n and its
trace is proportional to the Weyl anomaly of the holographic stress tensor. The best known
example is the four-dimensional one, where H ij is quadratic in the curvature [50, 51, 52].
In addition to Einstein-Hilbert action, TMG contains the terms
I2 =
1
32πGµ
∫
M
(
LCS(ω) + 2λAT
A
)
. (D.14)
For the present discussion on Wald Hamiltonians, we will restrict ourselves to the asymp-
totically AdS sector, where λA = eA/ℓ
2. Precise boundary conditions suitable for Log
Gravity and Warped AdS asymptotics are currently under investigation.
In this case, the contribution to the surface term of the action (D.14) is
Θ2 =
1
32πGµ
(
δωABωBA +
2
ℓ2
δeAeA
)
= d2x
1
16πGµ
(
−δKki Kkj −Kki K lj ealδeak +
1
ℓ2
δeai eaj
)
ǫij , (D.15)
where eai is the boundary zweibein of the induced metric hij = ηab e
a
i e
b
j. The above variation
is not expressible in terms of variations of the metric tensor, but adopts the form
Θ2 = d
2x H˜ ia δe
a
(0)i , (D.16)
where
H˜ ia =
1
8πGℓ2µ
gk(1)j e(0)akǫ
ij (D.17)
is a covariantly conserved tensor with vanishing trace. Indeed, the tensor H˜ ij = 2H˜ iae
aj
(0)
has physical relevance, because it is the same as the holographic stress tensor associated
to the action (D.14), whose antisymmetric part carries the gravitational anomaly [20]
H˜ ijǫij =
1
8πGµ
R(0) . (D.18)
– 19 –
In an analogous way as for the Einstein-Hilbert action, where Weyl anomaly is nonvanish-
ing, one could expect an ambiguity in the Wald Hamiltonian definition due to the existence
of gravitational anomaly.
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